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Probability theory

Exercise Sheet 10

Exercise 1 (4 Points)
Let (Xn)n∈N be a sequence of independent random variables, each Cauchy distri-
buted with density

f(x) =
1

π

1

1 + x2
, x ∈ R.

(a) For which α does
X1 + · · ·+Xn

nα

converges in distribution?

(b) In case we have convergence in distribution, compute the limit distribution
as well.

Exercise 2 (4 Points)
Let (Xn)n∈N be a sequence of random variables with distribution function

Fn(x) =


0, if x < 0,

x
(

1− sin(2nπx)
2nπx

)
, if 0 6 x < 1,

1, if x > 1.

(a) Prove that Xn converges in distribution to a random variable which is [0, 1]-
uniformly distributed.

(b) Prove that the sequences of the relative density functions (fn)n∈N does not
converge.

Exercise 3 (4 Points)
Let (Xn)n>2 be a sequence of independent random variables on (Ω,F ,P) with

P (Xn = −n) = P (Xn = +n) =
1

2n log n
, P (Xn = 0) = 1− 1

n log n
.

(a) Check either (Xn)n>2 satisfies the weak law of large numbers or not.

(b) Check either (Xn)n>2 satisfies the strong law of large numbers or not.

Exercise 4 (4 Points, Talk)
Prepare a talk on the proof of the Lévy continuity theorem.
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